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In this work, we study the weak gravitational lensing in the background of Kerr-Newman black
hole with quintessential dark energy. Initially, we compute the deflection angle of light by charged
black hole with quintessential dark energy by utilizing the Gauss-Bonnet theorem. Firstly, we sup-
pose the light rays on the equatorial plane in the axisymmetric spacetime. In doing so, we first find the
corresponding optical metrics and then calculate the Gaussian optical curvature to utilize in Gauss-
Bonnet theorem. Consequently, we calculate the deflection angle of light for rotating charged black
hole with quintessence. Additionally, we also find the deflection angle of light for Kerr-Newman
black hole with quintessential dark energy. In order to verify our results, we derive deflection angle
by using null geodesic equations which reduces to the deflection angle of Kerr solution with the re-
duction of specific parameters. Furthermore, we analyze the graphical behavior of deflection angle Θ
w.r.t to impact parameter b. Our graphical analysis retrieve various results regarding to the deflection
angle by the Kerr-Newman black hole with quintessential dark energy.
PACS numbers: 04.70.Dy; 04.70.Bw; 11.25.-w
Keywords: Deflection of light; rotating black hole; Deflection angle; Gauss-Bonnet theorem; Gravitational lensing,
Finsler geometry, Null geodesic
I. INTRODUCTION
Einstein general theory of relativity is based on numerous experimental and observational tests [1]. These tests
revealed that the experimental data is compatible with theoretical predictions of this theory, i.e., some of the astro-
physical observations [2] like gravitational waves, gravitational lensing, black holes (BHs), wormholes etc. Einstein
assumed a universe shape as a single fabric sheet, hewn from space and time. According to this theory, the force of
gravity is the result of curvature in space-time and gravitational waves are ripples in the fabric of a universe that are
produced by the collision of the massive objects such as BHs. Gravity bends light such phenomenon is known as
gravitational lensing. The gravitational lensing is as the distribution of matter between a source and observer, which
is capable of bending of light from the source to the observer and the bending of light is one of the prediction of
Einstein’s theory. Gravitational lensing particularly plays a vital role in the study of distribution of dark matter in
universe and for imaging the most distant galaxies. The prediction that light bends when passing near massive ob-
jects is valid in Newtonian physics but is more significant in general theory of relativity. The gravitational lensing is
very helpful for the detection of the BHs in the universe and this phenomenon indicates that light rays get deflected
due to the curvature of spacetime. The gravitational lensing has been classified in the literature as a strong lensing
and weak lensing. Strong lensing helps us to find the magnification, position and time delays of the images by
BHs. Strong lensing phenomena required in many cases which yields more information from experimental frame of
reference to analyze other exotic objects such that monopoles [3], boson stars [4, 5], fermion stars [6, 7] etc. While
the weak gravitational lensing provide a way to find the mass of astronomical objects without requiring about their
composition or dynamical states. Weak lensing also investigates the cause of the accelerated expansion of the uni-
verse and also distinguish between modified gravity and dark energy (DE). Recently, scientists detected the event
horizon of BH by the reference of Event Horizon Telescope (EHT) [8]; that’s why this concept has claimed a great
attention and many astronomer concentrate on it to acquire exact results [9–19].
Over the past many years ago, numerous complimentary experimental investigations on cosmological measures
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2have detected powerful indications to speed up extension over the cosmos: distance measurements of distant model
Ia supernovae [20], the observations of the cosmic microwave framework of anisotropies additionally the neutron
phonic oscillations in the matter spectrum eliminated into the universe lists. In taking up general theory of rela-
tivity, a negative pressure segment was suggested as a most viable explanation to the acceleration found. The best
approach to render like a method, though it endures with unresolved issues for instance the finishing touches and
cosmic concurrence issues is the cosmological constant Λ, among a constant state-equation (EoS) parameter ω = −1.
Dynamic DE patterns, suchlike the quintessence, phantom, quintom and Ricci dark energy (RDE) patterns, have also
been intended into the documentation [21],[22].
The presence of a high range of hypothetical patterns which does not conflict by means of the fundamental discov-
ery connected with rapid extension has motivated a series of observational analysis, centered on, for example, an-
gular size-redshift data from condensed radio sources, age-redshift interaction, galaxy cluster lookback time, galaxy
cluster x-ray luminosity, and Hubble parameter results. In this sense, strong gravitational lensing plays a vital role ,
offering cosmological evaluations for instance gravitational lensing statistics, Einstein rings inside the celestial body
cosmos networks, galaxy blocks which act by way of lens on major red shift regimes in the context, and time delay
estimates.
The intriguing form of energy with positive energy density and large negative pressure is represented as dark en-
ergy [23]-[25]. There are two different approaches to deal with DE such as cosmological constant and quintessence
parameter. Cosmological constant (denoted as Greek word Λ) describes the energy density of space [23, 26]. Accord-
ing to some physicists, it has been proposed as a fifth fundamental force. Quintessence differs from cosmological
constant as it changes over time due to that it is dynamic, otherwise the cosmological constant by definition does not
change [27]. Moreover, ω is an equation of state parameter which divides DE phase in different eras such that DE
phase consists of quintessence era for −1 < ω ≤ −13 whereas ω = −1 analogous to cosmological constant.
In doing so, Gibbon and Werner [28] presented a method to derive deflection angle of light rays by using Gauss
Bonnet theorem (GBT). This method is use to find the integral in a finite domain bounded by the light ray. Then,
Werner has enlarged this formalism and derive the angle of deflection by a Kerr-Newman BH by using the Nazim’s
method with Rander-Finsler metric [29]. Recently, Ishihara et al. [30–33] computed the deflection angle in a static,
spherically symmetric and asymptotically flat space by using the finite distance from an observer to a light source.
Moreover, the GBT has been stretched out to the wormhole geometries and non-asymptotically flat spacetime with
topological effects [34–36]. A very important contribution has been currently made by Jusufi and O¨vgu¨n [37] who
discussed about the quantum correction effects on the deflection of light by quantum improved Kerr BH pierced in
cosmic string. Stunningly, this method was shown in a suitable way to calculate the deflection angle in spacetimes
with topological defects by cosmic strings and global monopoles [38–41]. This method has been utilized in various
papers for different types of spacetimes [42–54].
Xu and Wang [55] examined the Kerr-Newman BH in the background of quintessential field [61, 62]. It is con-
siderable that the Newman-Janis algorithm does not involve cosmological constant, therefore they enlarge the Kerr-
Newman solution to the Kerr-Newman-AdS solution with quintessential dark energy through direct computations
which satisfy the Einstein Maxwell field equations in quintessential dark energy with negative cosmological con-
stant. Moreover, they also investigated the singularity of Kerr-Newman-AdS BH by quintessence dark energy.
In this continuation, we are going to extend this formalism for charged BH in quintessential dark energy and also
for Kerr-Newman BH with quintessence. In our analysis, we focus on a non-singular domain outside of the light
ray. As for asymptotically flat space, deflection angle Θ can be computed as follows [28]:
Θ = −
∫ ∫
D∞
Kdσ˜,
where K represents the Gaussian optical curvature and dσ˜ stands for surface element of optical geometry. It is
remarkable that the above expression of deflection angle just fulfill the asymptotically flat space, while for non-
asymptotically flat metric only a finite distance corrections can be considered. We analyze the graphical behavior of
deflection angle with respect to BH charge as well as impact, quintessence and rotation parameters. This paper is
organized as follows: In section 2, we discuss the deflection angle of non rotating charged BH with quintessence. In
section 3, we review some basic concepts about Rander-Finsler geometry and compute the Gaussian optical curva-
ture for deflection angle of Kerr-Newman BH with quintessence. In section 4, we calculate the deflection angle for
Kerr-Newman BH with quintessence by using GBT. In section 5, we discuss the geodesic equations with the back-
ground geometry of Kerr-Newman BH involving quintessential dark energy and compute deflection angle. Section
6 is based on graphical analysis, we discuss deflection angle w.r.t various physical parameters. The last section
comprises of concluding remarks and results obtained from graphical analysis.
3II. CHARGED BLACK HOLE WITH QUINTESSENTIAL DARK ENERGY
There exist a literature related to charged BH in the framework of quintessential dark energy [59] also the metric
functions are explicitly described in [60]. The spacetimemetric of charged black hole with quintessential dark energy
is [60]
ds2 = −F(r)dt2 + F(r)−1dr2 + r2dθ2 + r2 sin2 θdφ2 (1)
and then we set the metric into equilateral plane with θ = pi2 , thus the corresponding expressions are
ds2 = −F(r)dt2 + F(r)−1dr2 + r2dφ2, (2)
where
F(r) = 1−
2M
r
+
Q2
r2
−
α
r1+3ω
, (3)
where the α is the quintessence parameter that represents the intensity of the quintessence field related to the black
hole, M is the black hole mass, and ω is the parameter describing the equation of state with ω = p/ρ, where p and
ρ are the pressure and energy density of the quintessence respectively. Note that ω can not be equal to 0, 1/3, 1.
The parameter ω is −1 < ω < 1/3, then it can explain the accelerating expansion of universe. The relation between
parameters are given as: ω = 13 αˆ [60] . The optical metric is
dt2 =
1
F(r)2
dr2 +
r2
F(r)
dφ2. (4)
Then we calculate the Gaussian curvature of the optical charged black hole as follows:
K =
RicciScalar
2
, (5)
after simplification the Gaussian optical curvature in weak field limit is stated as
K ≈ −
2M
r3
+
3Q2
r4
−
6MQ2
r5
+
1
2r6
[
−(9ω2 + 9ω + 2)r3−3ω
+ 18M(ω2+
2
3
ω +
1
3
)r2−3ω − 9Q2(ω2 +
1
3
ω +
2
3
)r1−3ω
]
α. (6)
Now, by using the GBT and Eq. (6), the deflection angle of charged BH with quintessential dark energy is obtained
as
Θ ≈
4M
b
+
3piQ2
4b2
+
2α
b
−
3αω
b
+
6αω
b
(ln(2)− ln(b)) +O(α2, M2, Q3). (7)
In the above expression the term O(α2, M2, Q3) described that we only consider the linear order term of mass func-
tion, quintessence parameter and second order for BH charge also ignore the higher order terms. It is to be noted
that the mass term decreases the deflection angle while quintessence parameter α increases the deflection angle. On
the other hand, the deflection angle has an indirect relation with impact parameter b.
III. GRAPHICAL ANALYSIS
This section is devoted to discuss the graphically behavior of deflection angle Θ. We also demonstrate the phys-
ical significance of these graphs to analyze the impact of BH charge Q and quintessence α on deflection angle by
examining the stability and instability of BH.
4A. Deflection angle with Impact parameter b
This subsection is based on the analysis of deflection angle Θ with impact parameter b for different values of BH
charge Q, and quintessence parameter α for fixed M = 1 and ω = − 23 .
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Figure 1: Relation between Θ and b.
• Figure 1 shows the behavior of Θ w.r.t impact parameter b.
1. In figure (i), This plot shows the behavior of Θ with b for fixed Q and varying α. We analyzed that
deflection angle initially exponentially decreasing and then goes to positive infinity. We also observed
that for 0.01 ≤ α ≤ 1, we obtain the stable behavior. For negative values of α, the deflection angle is
negatively decreasing which shows the unstable state of BH. Hence, we analyzed the stable state of BH
only for positive α.
2. In figure (ii), This plot represents the behavior of Θ with b for fixed α and varying Q we observed that the
deflection angle is gradually decreasing and then goes to positive infinity.
IV. RANDER-FINSLER GEOMETRY: KERR-NEWMAN BLACK HOLE
In this section, we illustrate the charged rotating Kerr-Newman BH in the background of quintessential dark
energy. There exist a literature related to this BH recently discussed by Javed and Babar [63]. For this purpose, we
consider the line-element of general Kerr-Newman-AdS BH in the back ground of quintessential dark energy, i.e.,
[64, 65]
ds2 =
Σ2
∆r
dr2 +
Σ2
∆θ
dθ2 +
∆θ sin
2 θ
Σ2
(
a
dt
Ξ
− (r2 + a2)
dφ
Ξ
)2
−
∆r
Σ2
(
dtΞ− a sin2
dφ
Ξ
)2
, (8)
where
∆r = r
2 − 2Mr + a2 + Q2 −
Λ
3
r2(r2 + a2)− αr1−3ω,
∆θ = 1+
Λ
3
a2 cos2 θ, Ξ = 1+
Λ
3
a2, Σ2 = r2 + a2 cos2 θ,
where M is the mass, Q is BH charge, a represents spin and α is quintessence parameter representing dark energy.
For Λ = 0, this solution reduces to a charged rotating BH solution in the presence of quintessential dark energy.
Thus, for the sake of simplicity, we consider Λ = 0 and also set the metric into equilateral plane with θ = pi2 , thus the
corresponding expressions are
∆r = r
2 − 2Mr + a2 + Q2 − αr1−3ω,
∆θ = 1, Ξ = 1, Σ
2 = r2. (9)
5It is appropriate to first find the black hole optical metric by imposing the null condition ds2 = 0, and solving the
space-time metric for dt, which yield the generic form as
dt = ±
√
ξij(x)vivj + γi(x)v
i, (10)
moreover, the expression ξij(x)v
ivj can be derived as follows
ξij(x)v
ivj =
r4
∆r(∆r − a2)
dr2 +
(
(r2 + a2)− a2∆r
∆r − a2
+
a2((r2 + a2) + ∆r)2
∆r − a2
)
dφ2,
while, γi(x)v
i can be expressed as
γi(x)v
i = −
a(r2 + a2 − ∆r)
∆r − a2
dφ.
The deformed form of the given metric in Finsler-Randers type can be expressed as [29]
F˜
(
r, φ,
dr
dt
,
dφ
dt
)
=
√
r4
∆r(∆r − a2)
(
dr
dt
)2
+
(r2 + a2)− a2∆r
∆r − a2
×
√
a2((r2 + a2) + ∆r)2
∆r − a2
(
dφ
dt
)2
−
a(r2 + a2)
∆r − a2
+
a∆r
∆r − a2
(
dφ
dt
)
. (11)
The Randers-Finsler optical metric F˜ is actually use to calculate the null geodesics in our physical metric. Since
dt = F˜(u, du), on the other hand by Fermat’s principle light rays (γ˜) are selected by the following condition
δ
∫
γ˜
dt = δ
∫
γ˜F˜
F˜(u, u˙)dt = 0. (12)
Notice that these light rays (γ˜) are also geodesic (γ˜F ) of the Randermetric. Thus, it is remarkable that Rander-Finsler
metric F˜ generalizes the Fermat’s principle. The Rander-Finsler metric in the sense that the Hessian
gij(u, v) =
1
2
∂2F˜ 2(u, v)
∂vi∂vj
, (13)
is positive definite, where u ∈ M, v ∈ TuM. In order to continue along the construction of a Riemannian manifold
(M, g¯) which osculate with the Randers manifold (M, F˜) by applying the so-called Nazim’s method. We consider
a non-zero smooth vector field v¯ overM containing the tangent vector with the geodesic γ˜F˜ , stated as v¯(γ˜F˜ ) = u˙,
i.e.,
g¯ij(u) = gij(u, v˜(u)). (14)
The geometrical quantities which osculate the Riemannian manifold, for illustration in TuM angle between vectors
can be measured by the metric g¯. Thus, the geodesic γ˜F˜ of Randers manifold is also a geodesic γ˜g¯ of Riemanian
manifold, i.e., (γ˜F˜ = γ˜g¯) by supposition
u¨i + Γijk(u, u˙)u˙
ju˙k = u¨i + Γ˜ijk(u)u˙
ju˙k = 0, (15)
to start with the Randers-Optical geometry (M, F˜), suppose in the equatorial plane, a region DR ⊂ M which is
bounded by the light ray γ˜F˜ with co-ordinate radius b and a circular curve γ˜R with co-ordinate radius R. These
curves are as follows [29]
γ˜F˜ : u
i(x) = µi(x), x ∈ [0, n] (16)
6γ˜R˜ : u
i(x) = ξ i(x), x ∈ [0, n⋆]. (17)
Now, consider ς = x/n ∈ (0, 1) across the curve γ˜F˜ and ς
⋆ = 1 − x/n⋆ ∈ (0, 1) across the γ˜R˜ , each point on
the geodesic γ˜F˜ directly paired with one point ξ
i(n⋆) on curve γ˜R˜ by letting ς = ς
⋆. On the other hand, we also
analyze that there is a family of smooth curves ui(σ˜, ς), in such a way that for each point pair there is precisely one
curve which touches the boundary of γ˜F˜ and γ˜R˜. In other words we can say that when µ
i(ς) = ui(0, ς) then ui(σ˜, ς)
touches the boundary of γ˜F˜ , σ˜ represent as a new parameter. Then following equation holds
µ˙i(ς) =
dµi
dx
(ς) =
dui
dσ˜
(0, ς). (18)
Similarly, we can say that when ξ i(σ˜, ς) = ui(1, ς) then ui(σ˜, ς) touches the curve γ˜R˜ which is as follows
ξ˙ i(ς) =
dξ i
dx
(ς) =
dui
dσ˜
(1, ς). (19)
In general, we can say that a smooth and non zero tangent vector field
v˜i(u(σ˜, ς)) =
dui
dσ˜
(σ˜, ς), (20)
with a group of smooth curves which fulfill the accompanying relation [29]
ui(σ˜, ς) = µi(ς) + ς˙i(ς)σ˜ + Y(ς)σ˜2 +Z(ς)σ˜3
+Ai(σ˜, ς)(1− σ˜)2σ˜2, (21)
where
Y(ς) = 3ξ i(ς)− 3µi(ς)− ξ˙ i(ς)− 2µ˙i(ς)µi(ς), (22)
Z(ς) = 2µi(ς)− 2ξ i(ς) + ξ˙ i(ς) + µ˙i(ς). (23)
As we know that the metric we use is asymptotically plane, so for the deflection angle of the planer light ray we
choose
r(φ) =
b
sin φ
, (24)
where b gives the minimal radial distance of the light ray and is known as impact parameter. Now we make the
following leading terms for the vector field
v¯r =
dr
dx
= − cos φ, v¯φ =
dφ
dx
=
sin2 φ
b
. (25)
It is well-known that the vector field which we use is determined by the light ray equation rγ˜. Where our particular
light ray equation shows a straight line approximation, for this straight line approximation we verify our angle of
deflection.
A. Gaussian Curvature
In this section we compute the metric components. For this, we use Eqs. (13) and (25), we get the following
non-zero components
g¯rr =
r4
(α r1−3 ω − Q2 + 2mr− r2)
2
, (26)
g¯rφ = 2
((
(cos (φ))4 r2 +
(
b2 − 2 r2
)
(cos (φ))2 + r2
)
r (rω)3 + Φ¯α
)
mab3 (cos (φ))3(
(cos (φ))4 r2 + (b2 − 2 r2) (cos (φ))2 + r2
)5/2
r2 (rω)3
, (27)
g¯φφ = −
((
α r1−3 ω −Q2 − r2
)
(sin (φ))4 − (cos (φ))2 b2m
)
r4(
(α r1−3 ω − Q2 − r2) (sin (φ))4 − (cos (φ))2 b2
)
(α r1−3 ω − Q2 − r2)
, (28)
7with Φ¯ = 2
(
7/4 (cos (φ))4 r2 +
(
b2 − 7/2 r2
)
(cos (φ))2 + 7/4 r2
)
.
By neglecting the higher order terms of the angular momentum a we get the determinant of this metric as follows
detg¯ = −
r8
(
r1−3 ω (sin (φ))4 α− (sin (φ))4 r2 − (cos (φ))2 b2m
)
(α r1−3 ω + 2mr− r2)
2
(
r1−3 ω (sin (φ))4 α− (sin (φ))4 r2 − (cos (φ))2 b2
)
(α r1−3 ω − r2)
. (29)
The Gaussian optical curvature K, is defined as:
K =
1√
detg¯
[
∂
∂φ
(√
detg¯
g¯rr
¯
Γ
φ
rr
)
−
∂
∂r
(√
detg¯
g¯rr
¯
Γ
φ
rφ
)
]. (30)
So by using Christopher symbols and the non-zero metric components, we get
K ≈ −
2M
r3
+
3Q2
r4
−
6MQ2
r5
+
1
2r6
[
−(9ω2 + 9ω + 2)r3−3ω + 18M(ω2+
2
3
ω +
1
3
)r2−3ω9Q2(ω2 +
1
3
ω +
2
3
)r1−3ω
]
α
+
15aMH(r, φ, α)
r9
.(31)
The last term gives the rotation. Where the function H(r, φ) is as follows
H(r, φ, α) = (r2 + a2 + Q2 − αr1−3ω)r−9(r2 sin4 φ + b2 cos2 φ)
−7
2
× [r10 sin12 φ−
b2r4 sin10 φ
2
(r2 + a2 + Q2 − αr1−3ω)2
+
cos2 φ
2
[−4r4 − 71r2(a2 + Q2 − αr1−3ω)
49
11
− 10(a2 + Q2 − αr1−3ω)2]b2r4 sin8 φ + 4b3 cos3 φ
× (r2 +
1
2
(a2 + Q2 − αr1−3ω))(r2 + a2 + Q2 − αr1−3ω)
× r3 sin7 φ + b2 cos2 φ(2b2 − 5r2 cos2 φ)(r2 + a2
+ Q2 − αr1−3ω)2r2 sin6 φ + 8b3 cos4 φ(r2 +
1
2
(a2 + Q2
− αr1−3ω))(r2 + a2 + Q2 − αr1−3ω)r3 sin5 φ− 3b6
× cos6 φ(r2 −
1
3
(−a2 − Q2 − αr1−3ω)) + cos4 φ(
−9
2
r2
+
8
3
r2 −
7
2
)b2r2 sin4 φ + 5b4 cos6 φ(r2 + a2 + Q2
− αr1−3ω)2r2 sin2 φ− 2b5r3 cos6 φ(r2 + 4(a2 + Q2
− αr1−3ω)) sinφ− r3b5 cos4 φ sin3 φ((r2 + 4(a2 + Q2
− αr1−3ω))].
Where the Gaussian optical curvature depends on the BH parameters, a, M,
Q2, α. In the next part, by using Gaussian optical curvature we compute angle of deflection.
V. DEFLECTIONANGLE USING GAUSS BONNET THEOREM
Let the domain (DR, g¯) be a simply connected over the osculating Riemannian manifold (M, g¯) along the bound-
aries of γ˜g¯ and γ˜R˜. Furthermore, we define Gaussian curvature as a K of (M, g¯) and geodesic curvature represents
as κ of ∂DR˜ = γ˜g¯ ∪ γ˜R˜. Thus by the Gauss-Bonnet theorem∫ ∫
DR
Kdσ˜ +
∮
∂DR
κdx + ∑
n
Θn = 2piX (DR). (32)
8Here dσ˜ is defined as the surface element, Θn is the exterior angle at the nth vertex, X (DR) be defined as Eu-
ler characteristic number. The geodesic curvature use to determine the deviation from geodesic. Since in case of
geodesics γ˜g¯ the geodesic curvature vanishes i-e κ(γ˜g¯) = 0, if an only if, γ˜ is geodesic. Now, our main focuss on
calculating κ(γ˜g¯). Which is defined as
κ(γ˜R) =| ∇ ˙˜γR ˙˜γR | . (33)
Now we consider γ˜R := r(φ) = R = const, in such a way the radial part states that
(∇ ˙˜γR ˙˜γR)
r = ˙˜γ
φ
R(∂φ
˙˜γrR) + Γ¯
r
φφ( ˙˜γ
φ
R)
2. (34)
It is obvious that the first term vanishes, where by using the unit speed condition (g¯φφ ˙˜γ
φ
R
˙˜γ
φ
R) = 1 we find the second
term. Seeing that our optical geometry is asymptotically Euclidean for geodesic curvature, At R → ∞ the geodesic
curvature reduces to κ(γ˜R)→
1
R . If we consider R → ∞ the jump angles (ΘO,ΘD) become pi, in other words we say
that the sum of jump angles to the source of light D and the position of observer O satisfies ΘO + ΘD → pi. Now, for
constant R the optical metric yields
lim
R→∞
dx = lim
R→∞


√
r4
∆r(∆r − a2)
(
dr
dt
)2
×
√
(r2 + a2)2 − a2∆r
∆r − a2
+
a2((r2 + a2) + ∆r)2
∆r − a2
(
dφ
dt
)2
− a
(
(r2 + a2) + ∆r
∆r − a2
)]
dφ
→ Rdφ, (35)
On the other hand we use
lim
R→∞
h(R)→ 1. (36)
Hence, we represent that
lim
R→∞
κ(γ˜R)
dx
dφ
→ 1. (37)
By supposition, the source and observer are in the asymptotically Euclidean region, consequently the last equation
plainly shows our conclusion that our optical metric is asymptotically Euclidean. So by Gauss-Bonnet theorem
geodesic curvature yields that
∫ ∫
DR
KdD +
∮
γ˜R
κdx =R→∞
∫ ∫
DR
Kdσ˜ +
∫ pi+αˆ
0
dφ = pi, (38)
hence, we obtain
Θ = −
∫ ∫
D∞
Kdσ˜. (39)
Now by using the straight line approximation of the light ray (r = bsin φ ), we get the total deflection angle
Θ ≃
4M
b
+
2α
b
−
3αω
b
−
3Q2
4b2
±
4Ma
b2
+O(M), (40)
where the positive and negative signs denoted the reversed and rotational movement of light rays. Our proposed
deflection angle increases by increasing the mass term and quintessence parameter but as we increase the impact
parameter, deflection angle decreases.
9VI. NULL GEODESICS
Now, by using the variational principle δ
∫
LdD = 0 [56], we find the deflection angle. For this we set θ = pi2 and
θ˙ = 0, then we find the following equation for lagrangian
2L = −(
∆r − a2
Σ2Ξ2
)t˙2 +
(
(r2 + a2)2 − a2∆r
Σ2Ξ2
)
φ˙2 +
Σ2
∆r
r˙2
−
(
2a((r2 + a2)− ∆r)
Σ2Ξ2
)
φ˙t˙, (41)
furthermore p˙ = dpdτ and τ stands for affine parameter along the geodesic. Since the metric coefficients do not depend
on cyclic coordinates (t, φ), then the conjugate momenta of these cyclic coordinates are represented by (Ωt,Ωφ) and
are preserved. Then the equations of motion are derived from Ω˙p −
∂L
∂p = 0 leading to
Ω˙t = 0, Ω˙φ = 0, (42)
here Ωp =
∂L
∂ p˙ are conjugate momenta to the space-time coordinate p, and for lagrangian represented by
Ωt = −
∆r
r2Ξ2
t˙− a
(r2 + a2 − ∆r)
r2Ξ2
φ˙ ≡ −F, (43)
Ωr =
r2
∆r
r˙2, (44)
Ωφ = −a
(r2 + a2 − ∆r)
r2Ξ2
t˙ +
r2 + a2
Ξ2
φ˙ ≡ N, (45)
where F and N are constants of motion for a test particle, relating to the energy at infinity and the angular momen-
tum, respectively. Thus the Hamiltonian for a test particle is given by [57]
H = Ωt t˙ + Ωφφ˙ + Ωr r˙−L, (46)
2H = −Ft˙ + Nφ˙ +
r2
∆r
r˙2 ≡ −M2. (47)
Now, we consider only massless particles and taking the condition
M2 = 0 for photons. Then the geodesic equations of motion in the following way [66]
t˙ = (−Fr2 + aN(1−
1
r2
(a2 + Q2) + αr−1−3ω))(r2 + a2
+ Q2 − αr1−3ω)−1, (48)
φ˙ = (N + aF(a2 + Q2 − αr1−3ω))(r2 + a2 + Q2 − αr1−3ω)−1, (49)
r˙2 = (−r2F2 + aFN
(
1−
1
r2
(a2 + Q2) + αr−1−3ω
)
− r2N(N + aF))
(
1+
1
r2
(a2 + Q2)− αr−1−3ω
)−2
. (50)
The closest distance r0 for the metric (8) can be calculated by taking r˙ = 0, such that
r0
b
=
√
1−
( a
b
)2
+ r20
(
1−
a
b
)2
(R2 − 2M), (51)
where
R2 = a2 + Q2 − αr1−3ω.
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Then, for bending angle
Θ = 2
∫ ∞
r0
|
dφ
dr
| dr− pi, (52)
after simplification we get
Θ ≃
4M
b
+
2α
b
−
3αω
b
−
3Q2
4b2
±
4Ma
b2
+O(M), (53)
now we utilize the change of variables such as w = r0/r; Hence we suppose r0 ≃ b.
VII. GRAPHICAL ANALYSIS
This section is devoted to discuss the graphical behavior of deflection angle Θ. We also demonstrate the impact of
BH charge Q, quintessence α, rotation a and impact b parameters on deflection angle by examining the stability and
instability of BH.
A. Deflection angle with Impact parameter b
This subsection is based on the analysis of deflection angle Θ with impact parameter b for different values of
rotation parameter a, BH charge Q, and quintessence parameter α for fixed M = 1 and ω = − 23 .
α=0.01
α=0.5
α=0.10
α=0.20
α=0.30
0 10 20 30 40 50
0.2
0.4
0.6
0.8
1.0
1.2
1.4
b
Θ
(i)Q=1,a=2
Q=1
Q=3
Q=5
Q=7
Q=9
0 10 20 3 40 50
-0.5
0.0
0.5
1.0
b
Θ
(i)α=0.20,a=1
Figure 2: Relation between Θ and b.
• Figure 2 shows the behavior of Θ w.r.t impact parameter b.
1. In figure (i), This plot shows the behavior of Θ with b for fixed Q, a and varying α. We analyzed that
deflection angle gradually decreasing and then goes to positive infinity. We analyzed the stable behavior
of deflection angle only for positive values of quintessence parameter.
2. In figure (ii), This plot represents the behavior of Θ with b for fixed α, a and varying Q we observed that
the deflection angle initially increasing from negative to positive and then gradually decreasing which
shows the stable behavior.
11
a=1
a=5
a=10
a=15
a=20
0 10 20 30 40 50
0.0
0.5
1.0
1.5
2.0
2.5
3.0
b
Θ
(i)α=0.20,Q=1
Figure 3: Relation between Θ and b.
• Figure 3 shows the behavior of Θ w.r.t impact parameter b.
This figure shows the behavior of Θ with b for fixed Q, α and varying a. We observed that for negative value of
a the deflection angle is negatively decreasing but for a > 0 deflection angle initially exponentially decreasing
and then goes to positive infinity.
VIII. CONCLUSION
In this paper, we have analyzed the weak gravitational lensing in the background of Kerr-Newman BH with
quintessential dark energy. Initially, we have found the deflection angle of light by slowly rotating charged BH
with quintessence by means of GBT. For this purpose, firstly we have consider the photon rays into equatorial
plane. Afterthat we have obtained the corresponding optical metric and calculated the Gaussian optical curvature in
leading order terms. Consequently, we have calculated the deflection angle of light by slowly rotating charged BH
with quintessence. We also investigated the graphical behavior of impact parameter on deflection angle.
Deflection angle by slowly rotating Charged BH with Quintessence with respect to Impact parameter:
• The behavior of Θ w.r.t b can be analyzed.
• For particular value of b, we can only obtain the stable behavior for 0.01 ≤ α ≤ 1.
• We observe that for the variation of Q the deflection angle gradually decreasing, which indicates that the BH
evolution appears initially from physical stable state to unstable.
In addition, we have also obtained the deflection angle of light by Kerr-Newman BH. Moreover, for verification of
our results we have used the null geodesics method and calculated the deflection angle of light by Kerr-Newman BH
with quintessence. It is noted that the correspondence between the deflection angle obtained by GBT and geodesic
method is exact up to the first order terms, while this correspondence fails going to higher order terms [66] the reason
behind this is the straight line approximation engaged in the integration domain. In principle, this incompatibility
can be overcome by choosing a more precise relation for the light ray trajectory in the integration domain. It is worth
mentioning that, our proposed deflection angles are reduced to the Einstein deflection angle Θ = 4M/b upto the
first order terms andwhich is not influenced by the electric charge and if we take α = Q = 0 then our results reduced
into Kerr solution. The Kerr-Newman BH solution may be applicable in astrophysics. The results we analyzed from
the analysis of deflection angle Θ by Kerr-Newman BH with quintessence are generalized as follows:
Deflection angle by Kerr-Newman BH with quintessence with respect to Impact parameter:
• The behavior of Θ w.r.t b can be analyzed for the particular range of b.
• We can analyzed the deflection angle by Kerr-Newman BH with quintessence for 0.01 ≤ α ≤ 1.
• We observe that for the variation of Q the deflection angle goes from negative to positive and then decreasing
which shows that the deflection angle initially at non-physical unstable state and then goes to stable stable.
• For positive values of a, the deflection angle exponentially decreases then become identical. Moreover, we can
say that a > 0 indicates that BH is co-rotating regarding to the observer, whereas for a < 0 it is relating to
counter-rotating BH.
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